The compaction and organization of chromosome is mediated by cross linking proteins. They (un)bind (from)to chromatin dynamically to form bridges that maintain equilibrium morphology. We use a self-avoiding polymer model of chromatin in presence of passive cross-linkers. In the polymer-bound state, cross-linkers self organize into clusters, in turn, folding the polymer. The enhancement of clustering with increase in ambient cross-linker density leads to a continuous coilglobule transition. Using molecular dynamics simulations and a mean field description, we fully characterize the transition in terms of the coupled evolution of the polymer and cross-linkers. The associated change in local morphology of the polymer is characterized by spatial contacts, and formation of topological loops. We show that the simply connected loops dominate the local morphology, and its mean number reaches a maximum at the phase transition.
I. INTRODUCTION
Chromosomes consist of DNA and associated proteins. Long DNA chains with lengths that vary from millimeters (bacteria) to meters (mammals) are compacted and organized within micron sized bacterial cells or cell nuclei of eukaryotes. DNA associated proteins play a crucial role in mediating this high degree of compaction and regulating gene expression [1, 2] . In the first level of chromatin organization in eukaryotes, DNA double helix wraps around histone octamers forming connected set of nucleosomes [3] . In bacteria, histone like nucleoid structuring (H-NS) protein dimers bind to DNA nonspecifically performing architectural and regulatory functions on chromatin [4, 5] . It may be noted that the positive charges on most DNA binding proteins [1] provide non-specific affinity to negatively charged DNA.
Further cross links between well separated segments along chromatin contour may be established by small cross-linker proteins as these segments come into contact in the course of conformational relaxation. Studies in the past few decades showed that chromosomes across all domains of life, in bacteria [6, 7] , archea [8] and eukaryotes [9] [10] [11] , are structurally organized by various types of proteins that stabilize chromatin loops by forming bonds [12] [13] [14] [15] . In eukaryotes these bonds are maintained by the DNA bridging proteins like cohesin, CTCF [10, 11] , and transcription machinery [1] . Similarly, the bacterial chromosome has hundreds of DNA loops, stabilized in part by non-specific cross-linkers such as H-NS, Lrp and SMC proteins [15] [16] [17] .
The biological function of chromosomes are often related to their local morphology [18, 19] , as spatially proximal genes, irrespective of their location along the DNA contour, can be regulated together by the DNA-bridging proteins and transcription factories [20] [21] [22] [23] [24] [25] . In experi-ments, the spatial contacts between different chromosomal loci are readily identified using chromosome conformation capture technique and its variants [14, 26, 27] . These results were complimented by electron microscopy revealing, e.g., a rosette structure of supercoiled loops in E. coli nucleoid [28] . Moreover, recent live cell microscopy revealed an emergent helicoid morphology of bacterial nucleoids [29] [30] [31] , that could be explained in terms of a polymer model involving a backbone chain associated with side-loops [32] [33] [34] . These observations lead to a question as to how the cross-linker proteins compact chromosome via formation of loops, and at the same time keep it dynamically accessible to DNA-tracking enzymes.
To gain theoretical insight, a homopolymer model is used to develop a coarse grained description of chromatin involving DNA wrapped around histone or histonehomologues [35] . Further protein bridging is modeled either through effective attraction between polymer segments [36] [37] [38] , or considering interaction between the chain and proteins explicitly [39] [40] [41] [42] [43] [44] . Numerical studies with the use of non-specific or specific binding of proteins to cognate sites reproduced a plethora of chromosomal morphologies observed in experiments [40, 41, 43] . Further, a switch-like folding of self avoiding polymers due to increasing density of binding molecules was observed within discrete lattice models [40, 45, 46] . In this context, the classic problem of polymer folding has received renewed interest. While de-Gennes' theory predicted a continuous coil-globule transition in flexible polymers with self-attraction [47, 48] , recent theoretical work suggested, in addition, a first order collapse in presence of bending stiffness [39, 49, 50] .
In this paper, we use a continuum model to explore the cross-linker mediated chromosomal folding transition, and associated morphological transformations. We consider the chromatin to be a self-avoiding polymer, assuming its environment to be a good, free flowing solvent represented by a Langevin heat bath. We use a short ranged non-specific attraction between cross-linkers and chromatin segments that allows formation of bonds. For the interaction between cross-linkers, we assume an ex-cluded volume repulsion. As was shown earlier, in absence of such repulsion, the polymer mediated clustering of cross-linkers exhibits unrestricted growth [44] .
We explore the co-evolution of chromatin and crosslinkers using molecular dynamics simulations, and a mean field description. With increasing cross-linker density, the polymer undergoes folding via a continuous coilglobule transition, which is coupled to an instability towards formation of large clusters of cross-linkers. Our analytic estimate of cluster size and chromosome size show good agreement with simulation results. The critical point of the phase transition is characterized by diverging fluctuations, supported by increase in fluctuation amplitude with increasing system size, and a signature of critical slowing down. The critical fluctuations lead to other interesting properties. A large susceptibility ensures big change in chromosome size with a small variation in number of chromatin bound cross-linkers, a property that might be utilized by the cell for easier accessibility of chromatin to DNA-tracking enzymes. Moreover, the chromosomal contact probability shows a power law dependence as a function of genomic distance, with an exponent that is in good agreement with the fractal-globule model [51] , and the average behavior observed in human cells [40, 52] . Using the contact probability and subchain extension, we find that as the chromosome folds, its local morphology varies from an open chain to a compact equilibrium globule [47] , via a fractal globule structure [51] at the critical point. We further analyze chromosomal morphologies identifying the simply connected and higher order loops maintained by cross-linkers, to find complex loop structures that, however, are dominated by simply connected loops. We present the statistical properties of observed loop structures across the coil-globule transition.
In Sec. II, we present the model and details of numerical simulations. In Sec.III we discuss simulation results identifying the coil-globule phase transition in the model chromatin chain, and clustering of polymer-bound crosslinkers. The transition and clustering are interpreted in terms of a mean field description and linear stability analysis. Finally, in Sec. IV we characterize the local morphology of chromosomes in terms of contact probability and loop structure, identifying the simply connected and higher order loops and their properties. We conclude presenting a connection of our results to experimentally verifiable predictions in Sec. V.
II. MODEL
We use a coarse-grained model of the chromatin, as a self-avoiding flexible chain. The bead size is assumed to be larger than the Kuhn length. The chain connectivity is maintained by finitely extensible nonlinear elastic (FENE) bonds between consecutive beads,
with parameters k and R fixing the bond, and r ij = |r i − r j | denoting showing a contact formation denoted by the aqua-green bar. Here two monomers separated by a contour length s have come within the cutoff separation rc forming contact. (d) A magnified portion of the chain in (a) shows loop formation by a polymer bound crosslinker (red bead). The red bars from the red bead indicate the bonds that it forms with the chromatin segments lying within the cutoff separation rc. The line with arrows identifies a simply connected loop (for further details see Sec. IV C). (e) Clusters of polymer bound cross-linkers as seen in the configuration (a). For better visibility of cross-linkers, the chromatin is shown here as a transparent chain. The thick dashed circle identifies one cluster of cross-linkers. separation between i-th and j-th bead. The self avoidance is implemented via the Weeks-Chandler-Anderson potential, βU WCA (r ij ) = 4 [(σ/r ij ) 12 − (σ/r ij ) 6 + 0.25] between beads separated by distance r ij < 2 1/6 σ, else βU WCA (r ij ) = 0 [53] . Thus βU = βU FENE + βU WCA defines the polymer [54] . The excluded volume repulsion between cross-linkers are modeled through the same βU W CA interaction. The energy and length scales are set by k B T = 1/β and σ respectively, and we assume = k B T . The FENE potential is set by k = 30, R = 1.6. The steric and attractive interaction between crosslinkers and monomers is modeled through a truncated and shifted Lennard-Jones potential, βU shift (r) = βU LJ (r) − βU LJ (r c ) for r < r c and βU shift (r) = 0 otherwise, where βU LJ (r) = 4 m [(σ/r) 12 − (σ/r) 6 ], with The molecular dynamics simulations are performed in presence of a Langevin heat bath. The equations of motion are integrated using the velocity-Verlet scheme as implemented by the ESPResSo molecular dynamics package [55] . The time step of integration is chosen to be δt = 0.01τ , where τ = γσ 2 /k B T sets the unit of time.
Here γ = 3πησ is the viscous dissipation due to the chromosomal environment, with η representing the viscosity of nucleoplasm in eukaryotes and cytosol in bacteria.
Unless stated otherwise, in this paper, we consider a N = 256 bead chain. Its typical size in absence of cross-linkers is given by the radius of gyration R 0 g = (13.02 ± 2.65) σ, following the Flory scaling. The largest fluctuations in its end to end separation are restricted within 80 σ (data not shown). To avoid any possible boundary effect, we perform simulations in a cubic volume of significantly bigger size with sides of L = 200 σ, and implement periodic boundary condition. We vary the total number of cross-linkers from N c = 0 to 6000 that changes the dimensionless cross-linker density from φ c = 4 3 πσ 3 N c /L 3 = 0 to π ×10 −3 . The approach to equilibrium is followed over a total 10 6 τ , with the longest time taken for equilibration being near the transition point. The analysis of equilibrium structure and dynamics is done over further runs of 10 8 − 10 9 steps. A couple of representative equilibrium configurations are shown using VMD [56] in Fig.1 illustrating polymer contacts, loop formation, and clustering of cross-linkers. The system size dependence is studied using a restricted set of simulations, as simulating longer chains requires longer equilibration, larger simulation box and larger number of cross-linkers, increasing the simulation time significantly.
III. RESULTS

A. The coil-globule transition
The passive cross-linkers diffuse in three dimensions before encountering a polymer segment, attaching to it following the Boltzmann weight. The cross-linkers are multi-valent, each one can bind to multiple polymer segments. The probability of number of chromatin segments that a cross-linker can bind to simultaneously shows a maximum that increases from 4 to 6 as the cross-linker concentration is increased (see Appendix-A). This range overlaps with the typical multiplicity of binding factors like CTCF and transcription factories [40] .
As different polymer segments start attaching to a cross-linker the local density of monomers increases, gen- (a) erating a positive feedback recruiting more cross-linkers and as a result localizing more monomers. Such a potentially runaway process gets stabilized due to the repulsive core in the inter-particle interaction. This prevents indefinite clustering, leading to the formation of spatially extended clusters, which are identified using a clustering algorithm described in Ref. [57] . The size of a given cluster is measured in terms of the total number of participating cross-linkers. Concomitantly with such clustering, the polymer gets folded undergoing a coil-globule transition. This is depicted in Fig. 2 . Fig. 2 (a) shows the transition in terms of the decreasing radius of gyration R g of the model chromatin with increase in cross-linker density φ c in the environment. Similar behavior has been observed before, but in a discrete lattice model [45, 46] . Beyond the transition point, the change in R g is captured well by a mean field description that we present in Sec. III B. The transition point, φ c = φ * c = 1.57 × 10 −3 , is characterized by a maximum in relative fluctuations of the polymer size Fig. 2(a) . In Fig.1 , we have shown two representative configurations at the phase transition point indicating the amount of conformational fluctuations. The chain configuration in Fig.1(a) is relatively compact, and that in Fig.1(b) is more expanded. The two time series of R g depicted in the inset (ii) of Fig. 2(a) show how the polymer size equilibrates in the compact and expanded states corresponding to a low and high φ c value, respectively.
The coil-globule transition occurs concomitantly with the formation of polymer-bound cross-linker clusters. At a given instant, several disjoined clusters may form along the model chromatin (see Fig.1(e) ). The cluster size, given by the average number of particles in a cluster C s , grows significantly near the phase transition point as φ c increases ( Fig. 2(b) ). In Sec. III B 2 we present a linear stability estimate that agrees well with the simulation results up to φ * c , shown by the solid line in Fig. 2 
The instantaneous mean cluster size C g , averaged over all clusters of cross-linkers attached to the chain at an instant, equilibrates with time even at the highest cross-linker densities (inset(ii)). Here we should reemphasize that the stable equilibrium cluster sizes that we find at all crosslinker densities, are maintained by the competition between monomer-cross-linker attraction, and the short ranged repulsion between cross-linkers limiting the upper bound for cluster density.
The equilibrium dynamics in our system is further characterized by following the evolution of the radius of gyration R g (t) and the total number of chromatin-bound cross-linkers n a (t). This is done using the two-time autocorrelation functions C Rg (t) = δR g (t)δR g (0) / δR 2 g , C na (t) = δn a (t)δn a (0) / δn 2 a , where δR g (t) and δn a (t) denote instantaneous deviations of the two quantities around their respective mean values (see Appendix-B). For the finite sized chain, the corresponding correlation times τ c = τ Rg , τ na show sharp increase at φ * c (Fig. 2(c) ), reminiscent of the critical slowing down [58] .
The fluctuations in n a and R g are anti-correlated in our system, because of the attractive interaction between the cross-linkers and monomers. The negative values of the cross-correlation coefficient at equilibrium C Rg,na = (1/τ p ) τp dt δR g (t)δn a (t) quantifies this anticorrelation. Remarkably, the amount of anti-correlation maximizes at the critical point φ * c signifying a large reduction in polymer size associated with a small increase of attached cross-linkers, and vice versa ( Fig. 2(d) ). At this point, the model chromatin morphology is most susceptible to small variations in the number of attached cross-linkers, a property that a living cell may utilize for easy switching between relatively open and closed structure of chromosome, allowing for chromosomal compaction and easy access to DNA-tracking enzymes at the same time.
To further characterize the nature of the coil-globule transition, we study the probability distribution of the equilibrium radius of gyration P (R g ) across the transition. As is shown in Fig. 3(a) , the distribution remains unimodal at all values of cross-linker densities, showing a clear absence of phase coexistence. This is characteristic of a continuous transition. Moreover, the distribution has the largest variance at the transition point φ * c = 1.57 × 10 −3 , a behavior that is reminiscent of thermodynamic criticality. As we show in Sec.III C, the relative fluctuations at phase transition increases with polymer size N , suggesting divergence in the thermodynamic limit, a characteristic of continuous phase transitions.
The distribution of cross-linker cluster sizes P (C s ), on the other hand, shows clear bimodality in much of the φ c range scanned across the transition ( Fig.3(b) ), capturing coexistence of clusters of small and large sizes. However, such clusters have similar densities and do not suggest phase coexistence. In fact, as we show in Sec.III B 2, the assumption of constant particle density within clusters provides a good description of the growth of mean cluster size through Eq.(6) (see Fig.2(b) ).
B. Mean field description
In view of the above phenomenology, we present a simple mean field description of the chromatin-cross-linker complex, to develop a better understanding of the transition and clustering [44] . This can be built in terms of the increase in the monomer density field ρ(r) = ρ m (r) − ρ b with respect to a base density ρ b , due to the density of cross-linkers φ c (r). The base density of the open chain
where R 0 g denotes the radius of gyration of the open chain in absence of cross-linkers. We further distinguish between the fraction of cross-linkers in the polymer-bound state φ(r), and the detached fraction φ d (r) = φ c (r) − φ(r). We assume that the detached fraction diffuses freely to provide a uniform bath. This assumption is valid given the low ambient density of cross-linkers. The freely diffusing cross-linkers undergo equilibrium attachment-detachment dynamics controlled by the interaction potential and the equilibrium detailed balance relation. Guided by our numerical simulations, we adopt a free energy density of the following form,
The direct repulsion between polymer segments and between cross-linkers are captured by free energy costs uρ 2 /2 and wφ 2 /2 respectively. The bond formation between two polymeric segments via cross-linker proteins is captured by the three body term ρ φ ρ with strength −u/2φ * . The quartic energy cost vρ 4 /4 is introduced to provide thermodynamic stability. The coefficient κ in the gradient term adds free energy cost to the formation of sharp interfaces. The coupled fields ρ and φ evolve via the model-B dynamics [58] . Incorporating the equilibrium turnover of the polymer associated cross-linkers with that in the bulk, we obtain
where the effective turnover rate r = (r a + r d ), and φ 0 = Ωφ c with processivity Ω = r a /(r a + r d ). The attachment and detachment rates r a,d are determined by the interaction Hamiltonian and detailed balance condition. In Eq. (2), M ρ,φ denote mobilities of the two components of density. In the uniform equilibrium state, one gets φ = φ 0 , and ρ = ρ 0 where the mean field solution ρ 0 = 0 if φ < φ * , else
Chromosome size
The solution ρ 0 = 0 at φ < φ * corresponds to an open chain following Flory scaling R 0 g ≈ σN 3/5 . Beyond the phase transition point, φ ≥ φ * , the mean monomer density is given by ρ m = σ 3 N/ R g 3 . The expression for monomer density change in Eq.(3) leads to the dependence of the polymer radius of gyration on cross-linker density,
. Note that φ 0 = Ωφ c and φ * = Ωφ * c are the relations between the polymer-bound fraction of cross-linkers and ambient densities φ c and φ * c . Thus the equation for R g at φ c ≥ φ * c can be expressed as
from which Ω factors out. The expression in Eq.(4) shows good agreement with simulated variation of chromosome size at cross-linker densities φ c ≥ φ * c with fitting parameter u/v = 0.1 (Fig. 2(a) ). For φ c < φ * c , R g = R 0 g .
Cluster size
The formation of cross-linker clusters mediates folding of the model chromosome. To characterize the dynamics, we use linear stability analysis for small deviations from a homogeneous state ρ = ρ 0 + δρ(r), φ = φ 0 + δφ(r). The dynamics in Eq.(2) for these small deviations become
and D φ = M φ w are the effective diffusion constants of the two components, and χ = uρ 0 /φ * is the strength of cross-coupling. In the above equations ∂ t denotes the partial derivative with respect to time t. Expressing time in units of inverse turnover rate, τ u = 1/r, and lengths in units of x u = M φ w/r, one finds
with control parameters of the dynamics
The dimensionless time and length scales are denoted by τ = t/τ u , and ξ = x/x u , respectively.
Fourier transform of this equation gives evolution of modes as matrix equations ∂ τ (δρ q , δφ q ) = M (δρ q , δφ q ), where,
The eigenvalues of M are given by
As the trace of this matrix
the only way of having instability (one of the eigenvalues becomes positive) is if the determinant
This last criterion leads to CC > F (q 2 ) where F (q 2 ) = (1 + 1 q 2 )(D 0 + Kq 2 ). This will be satisfied for any q 2 if even the minimum of F (q 2 ) obeys this inequality. One can easily show that F (q 2 ) is minimized at q 2 0 = D 0 /K, and F (q is required to generate instability towards formation of cross-linker clusters,
Once this condition is satisfied, instability in the form of clustering of cross-linkers, mediated by the attractive interaction with monomers, arise. The fastest growing mode q 0 = (D 0 /K) 1/4 predicts the most unstable length scale 0 /x u = 2π/q 0 = 2π(K/D 0 ) 1/4 , which gives the cluster size in physical units
Assuming a uniform density of particles within a cluster, the cluster size C s ∼ 3 0 in three spatial dimensions. Replacing φ 0 = Ωφ c and φ * = Ωφ * c , and using the mean field result ρ 0 = 0 at φ c < φ * c one gets
As is shown in Fig. 2(b) , C s (φ c ) fits well with this form with A = 1.9, given φ * c = 1.57 × 10 −3 . This theoretical prediction uses perturbation around the uniform state in absence of cross-linkers, and thus fails to predict the behavior of C s beyond coil-globule transition point φ c > φ * c . 
C. System size dependence
As simulations showed, the phase transition point φ c = φ * c is characterized by enhanced fluctuations ∆R g /R g . The order parameter fluctuation at criticality is characterized by a divergence [58] , which clearly cannot be supported by any finite sized system. However, as we show in Appendix-C (see Fig.12 ) the relative fluctuations grow with increasing chain size indicating an underlying criticality.
From simulations, the change in mean monomer density due to cross-linkers ρ = ρ m − ρ b is obtained as a function of (φ c − φ * c ) for various chain sizes N = 256, 512, 1024. Here ρ m denotes the mean monomer density defined as ρ m = σ 3 N/ R g 3 , where R g is the mean radius of gyration of the chromatin evaluated at the given cross-linker density. The same quantity in absence of cross-linkers gives the base density
gives a data collapse with A(N ) ∼ N −0.08 and B(N ) ∼ N 0.79 (Fig.4) . The collapsed data agrees well with the mean field prediction Eq.
This N -dependence could not be captured within the simple mean field description we proposed, as we did not explicitly consider the chain length while developing the theory. A full resolution may require a Flory-Huggins or self-consistent mean field approach.
IV. LOCAL MORPHOLOGY
The coil-globule transition is associated with changes in the chromatin microstructure brought about by the cross-linkers. Conformational relaxation is known to bring contour wise distant parts of the chromatin in contact with each other, even in absence of cross-linkers. The diffusing cross-linkers provide a proxy for molecular crowding, which may enhance contact formation due to entropic depletion [59] [60] [61] . The formation of cross-links further facilitates inter-segment contacts.
To analyze contact formation from simulations one requires a finite cutoff length such that if two monomers fall within such a separation they are defined to be in contact. Here we use the cutoff distance of cross-linker monomer interaction r c = 1.5 σ for this purpose. One such contact observed from our simulations is shown in Fig.1(c) . The choice of the cutoff length is clearly arbitrary, and is made for the sake of convenience. We have checked that our main results do not depend on the precise choice of this length scale. One can obtain contact maps by measuring contact frequency between any two monomers, and taking average over an ensemble of equilibrium configurations. These are presented in Appendix-D. They exhibit only local contact formation along the contour at φ c < φ * c , whereas at the transition point φ c = φ * c contacts begin to percolate to monomers separated by long contour lengths. In the following we analyze this behavior quantitatively using the chromatin contact probabilities.
A. Contact probability
The contour wise separation between two monomers, s, defines the genomic distance between chromatin segments. The contact probability Π c (s) is a measure of such two segments to be in contact. This is known to follow a power law Π c (s) ∼ s −α for self avoiding chains [48] . Our simulations reproduce such a power law behavior even in presence of cross-linkers ( Fig.5.(a) ). At the transition point φ * c = 1.57 × 10 −3 , the simulation results are consistent with a power law exponent α ≈ 1.1 in the large s limit, a number that agrees well with the prediction of the fractal globule model [35, 51] . It is interesting to note that this number is also close to the average exponent found across all human cell chromosomes α ≈ 1.08, in the genomic distances of 0.5-10 Mbp range [35, 52] , and belongs to the range of exponents observed in individual mammalian chromosomes [40, 52, 62] . At large φ c values, after the completion of the coil-globule transition, contact probabilities at large s plateaus to a constant, indicating α ≈ 0. As a function of φ c , the asymptotic exponent α reveals a continuous decrease (see Fig.5(b) ), capturing the change in polymeric organization in the course of the coil-globule transition. Along with the contact probability, changes take place in the spatial extension of subchains that we consider next. We find plateauing at large s, a characteristic of equilibrium globule at the highest concentrations.
B. Extension of subchain
In this section, we consider the scaling behavior of subchain extensions, measured in terms of the mean squared end to end distance r 2 (s) of subchains of contour length s, in the light of existing theoretical models (see Appendix-E). We observe three different scaling behavior across the coil-globule transition (see Fig.6 ). At small φ c (= 0.26 × 10 −3 ), we find a behavior typical of open chains, r 2 (s) ∼ s 6/5 , that follows Flory scaling. In the fully folded compact phase at high φ c (= π × 10 −3 ), r 2 (s) shows plateauing at large s as in compact equilibrium globules, and random loop models [35, 47, 63, 64] . Such plateauing was earlier related to folding of chromosome into territories [65] . In the compact phase, the molecular cross-linkers may not only pull different segments close to each other, by doing so, they may displace well separated parts further away from each other [45] , reflected in the eventual increase of r 2 (s) as s approaches the full length N at highest φ c . At the critical point, φ * c (= 1.57 × 10 −3 ), simulation results for subchain extensions is consistent with r 2 (s) ∼ s 2/3 as in fractal globules [51] . Thus with increasing cross-linker density, the model chromatin morphology changes from an open chain to compact equilibrium globule, via an intermediate fractal globule behavior observed at the critical point.
Note that the formation of contact is a stochastic and and often a transient event. If a cross-linker simultaneously binds to more than one polymer segments in contact, it stabilizes such contacts forming loops. In the following, we analyze the loop formation in detail. 
C. Loop formation
The simultaneous binding of two or more different segments of a polymer by cross-linkers form topological loops on the model chromatin. The loops are defined by contiguous segments of the chromatin chain closed at the end by cross-linking proteins (see Fig.1(d) ). Because of their importance in several cellular processes, including gene expression and regulation, DNA repair, chromosomal segregation etc. [66, 67] , chromosomal loops have attracted attention both in theoretical and experimental studies [13, 28, 68] . We identify loop formation during the course of cross-linker mediated coil-globule transition of the model chromosome, and characterize the loops depending on their difference in topology [69] .
We describe the loop-topologies with the help of Fig.7 . A simply connected, or, first order loop is formed by a cross-linker binding two segments of the polymer in such a way that if one moves along the chain from one such segment to the other, no other cross-linker is encountered on the way. With removal of the cross-linker-bond stabilizing such a loop, the first order loop itself disappears ( Fig.7: o = 1) . In the figure, it. In Fig.7 : o = 2, three examples of second order loops are shown. In the first two examples removing one crosslinker reduces the second order loop to a first order loop.
In the third example of o = 2 loop, three bonds of a single cross-linker maintains the loop, and with its removal the whole loop structure disappears. In Fig.7 : o = 3 we show three examples of third order loops. These are equivalent to the serial and parallel topologies discussed in Ref. [69] .
In this paper, we restrict ourselves to the relative importance of higher order loops in local chromosomal morphology, and disregard the possible cross-topologies and zippering. In Fig.8 (a) the mean number of loops n o of order o = 1, 2, 3 are shown against the cross-linker density φ c . All through, n 1 remains larger than n o corresponding to higher order loops that show a sigmoidal dependence on φ c . Interestingly, n 1 maximizes at the phase transition point φ * c . Fig.8(b sian profile exp(−o 2 /2g 2 ), as is shown in Fig.8(b) . Fig.s 9(a) and (b) quantifies mean size of the simply connected loops and separation between them, respectively. With increasing density φ c , the mean size of first order loops l s decreases ( Fig. 9(a) ), as their number increases ( Fig.8(a) ) reducing the mean gap size d s ( Fig.9(b) ). However, increased φ c stabilizes the loops, shown by decreased fluctuation of loop-sizes δl s = l 2 s − l s 2 . The mean gap size d s and its fluctuation δd s = d 2 s − d s 2 reach their minimum at the transition point φ * c = 1.57 × 10 −3 . The increase in the inter-loop separation d s beyond this point is due to the enhanced probability of higher order loops in the local morphology of the model chromatin. On the other hand, the gap size distribution follows an exponential form exp(−d s /λ) with λ ≈ 0.05 at φ * c , much smaller than the chain length = (N − 1)σ. Note that λ is the smallest at criticality, reflecting the minimum variability of gap sizes at that point.
V. DISCUSSION
In this paper, using a continuum model of self avoiding polymer and diffusing cross-linkers, we have characterized the chromatin folding transition, and analyzed the associated contact formation, and emergence of loop structures. Our molecular dynamics simulations, along with a mean field description and linear stability analysis showed that the compaction takes place via a continuous coil-globule transition coupled with formation of cross-linker clusters. When two segments of the chromatin fibre comes in contact, the cross-linker proteins can form bonds enhancing local density of monomers, which in turn recruits more cross-linker proteins. This positive feedback leads to the formation of cross-linker clusters. The excluded volume repulsion between cross-linkers set an upper limit to local density of cross-linkers, equilibrating the growth of cluster size. The enhanced attraction of monomers to such cross-linker clusters mediates the chromosomal compaction. Different level of chromosome compaction can be maintained by controlling the ambient density of cross-linker proteins, a property that might be utilized by living cells. The coil-globule transition is associated with an instability towards formation of large clusters, as we have shown using a linear stability analysis. Our analytical prediction for the radius of gyration of chromosome, and the mean size of cross-linker clusters agree well with the simulation results.
The continuous transition is characterized by a unimodal probability distribution of chromosome size with the peak position and mean shifting to smaller values at higher cross-linker densities. The data collapse of monomer density from various system sizes, and increase of relative fluctuations at the transition point with increasing chain length corroborate criticality of the coilglobule transition. Further, simulation results from finite chains showed a sharp increase in correlation time at the phase transition, a reminiscent of critical slowing down. The dynamics of model chromosome showed largest susceptibility at the critical point, captured by the cross-correlation coefficient of the number of chromosome bound cross-linkers and the radius of gyration of the chromosome. This shows that at the critical point a small variation of the number of attached cross-linkers leads to a large variation in chromosomal size. This property might be utilized by living cells for easy switching between relatively open and folded structure of chromosome, allowing for chromosomal compaction and easy access to DNA-tracking enzymes at the same time. Moreover, we found that at the critical point the chromosomal contact probability as a function of genomic distance follows a power law with an exponent that agrees well with average contact probability in human chromosomes [35] , captured earlier by the fractal globule model of polymers [51] .
With increasing cross-linker density, the behavior of sub-chain extension changes from an open chain with Flory like scaling to that of a compact equilibrium glob-ule, via a fractal globule form at the critical point. We further analyzed the change in the local morphology of the model chromosome across the coil-globule transition in terms of topological loop formation, stabilized by cross-linker proteins. We found complex loop structures involving higher order loops that embed loops of lower order within them. However, with the highest probability maintained across the coil-globule transition, the simply connected loops dominate the local morphology. Their mean number reaches its maximum at the critical point, their sizes show a power law distribution, whereas the gaps between them are distributed exponentially. At the transition point, fluctuation in gap size reaches its minimum value.
Our predictions can be interpreted in terms of real length and time scales. Each of the coarse grained homopolymer beads may be considered as 10 − 12 closely packed nucleosomes containing around 2 − 2.5 kbp DNAsegment having a diameter σ ≈ 20 − 40 nm [35, 70] . The dimensionless density of cross-linkers at the critical point φ * c = 1.57 × 10 −3 , is easily converted to the dimensional form [φ * c /(4πσ 3 /3)] which can be expressed in terms of molarity by dividing it by the Avogadro number. This leads to a rough estimate of ∼ 0.06 µmole/litre, which, however, is consistent with protein concentrations in the cell nucleus [45, 71] . The mean size of the simply connected loops at such concentration is between two to three coarse-grained bead sizes, that accounts for a DNA segment between 4 − 7 kbp. The estimated ratio of first order loop-size and inter-loop gaps is l s : d s ≈ 1 : 5 at this concentration.
The nucleoplasm viscosity felt by objects within the cell nucleus depends on their size. While the smallest protein molecules experience the interstitial viscosity η ≈ 2 − 3η w where η w = 0.001 Pa-s is the viscosity of room temperature water, larger objects encounter slow reorganization of nucleoplasm network that gives rise to an effective viscosity which is much larger in magnitude [72, 73] . The viscosity felt by solutes of tens of nm in size is ∼ 10 Pa-s [73] . This leads to the interpretation of the unit of time τ = 0.2 s using σ = 20 nm. Thus, our simulation results for the correlation time τ Rg denoting chromosomal relaxation over ∼ 0.5 Mbp translates to ≈ 22 minutes at the critical point. This slow dynamics may be studied experimentally using video microscopy of fluorescently labeled genes [31] .
Here we should stress that our model represents a coarse grained description of chromosomes. This approach did not aim to distinguish interaction between specific protein types and gene sequences, unlike in other hetero-polymer models [40, 46] . In this spirit, it is equally feasible to interpret our simulated chain as a 30 nm fibre [1, 2, 35] . Such an interpretation would lead to the same order of magnitude predictions for the above mentioned quantities. While some of our predictions, e.g., regarding contact probability, agrees well with experiments, others regarding loop structures, cross-linker clustering, and slow relaxation remain amenable to experi-mental verifications.
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